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SEQUENCES & SERIES (Q 4 & 5, PAPER 1)

2007

n n n+1
4 (a) Show that (1]+(2j:( 5 ]for all natural numbers n> 2.

n
= u.,=——=u > .
(b) u =5and Uy, gt forall n>1,neN

(i) Write down the value of each of u,, u,, and u,.

(ii) Hence, by inspection, write an expression for u_in terms of n.

(iif) Use induction to justify your answer for part (ii).

(c) The sum of the first n terms of a series is given by S, =n*log, 3.
(i) Find the nt" term and prove that the series is arithmetic.

(if) How many of the terms of the series are less than 12log, 277
SoLuTION

4 (a)
LHS RHS

(M ) e

2 2
n(n-1) 2n+n®-n
=n+ =

2 2

_n*+n_n(n+1)

2 2
4 (b) (i)
Putn=1:u,=%u, =3x5=3
Putn=2: u;=%u,=4x3=2
Putn=3:u,=3u,=3x2=2
4 (b) (ii)
Sequence: 5,2,2,2,.....,2

By inspection, it is seen that u, =2
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4 (b) (iii)
STEPS
1. Prove result is true for some starting value of n e N,.
2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).
i 55 5 5
The sequence is 5,3,2,2,.....,2

The general term is assumed to be u, =2 by inspection.
1. Proveforn=1: u, =2=>5 (True forn=1)

2. Assume forn=k: u, =2

3. Proveforn=k+1:u,, :i
+1

KU K Ezi(Trueforn:k+1)

From step 2: 5=ku, :>u“1:k_+1:k_+1xk —

Therefore, it is true forn=k = trueforn=k+ 1.
Sotrueforn=1andtrue forn=k = trueforn=k+1 = true forall ne N,.

4 (c) (i)

S, =n’In3

S, ,=(N-1?%In3

~u,=S,-S, ,=n"In3-(n-1)%In3

=n’In3-n?In3+2nIn3-In3
~u,=(2n-1)In3

u, = Sn = Sn—l

Test for an arithmetic sequence: u,,, —u, = Constant =d

U, —Uu =(2n+1)In3-(2n-1)In3=2nIn3+In3-2nIn3+1In3
=2In3 (Constant)

4 (c) (i)

Set the general term equal to 121n 27.

12In27 12 log, 27
In3 log, 3

Use to change base:

. (2n-1)In3=12In27= (2n-1) = _ log, M

log, M
log, a

= (2n-1)=12log, 27 =12x3 =36

=2n=37=>n=18-5
Therefore, there are 18 terms less than 121n 27.
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5 (a) Plot, on the number line, the values of x that satisfy the inequality

|x+1 <2, where xe Z.

1 9
(b) In the expansion of (ZX—?J :
(i) find the general term

(it) find the value of the term independent of x.

(c) The n™ term of a series is given by nx", where |x| <1.
(i) Find an expression for S , the sum of the first n terms of the series.
(if) Hence, find the sum to infinity of the series.

SOLUTION
5(a) MobuLus |ax+b| > ¢

STEPS

1. Solve the corresponding modulus equality.

2. Do region test on roots in ascending order on Test Box.
3. Based on the region test write down the solutions.

1. Solve |x+1=2= x+1=42=x=-3 1

2. Region Test on| [x+1]<2|.....Test Box

D - —_—
-4 0 2
|-3[<2 <2 3[<2
Wrong Correct Wrong
3...-3<x<1
4 3 2 -1 01 2 3
5 (b) (i)
9 ' _N n-r r_ n n-r r
ur+1=[ j(Zx)"" [_EJ Uy = "C (0™ (Y) (r]w W .......
r X
5 (b) (ii)

9 —r 1 ' r 9 —r Xgir r 9 —-r —ar
um{rj(zx)g (—X—j U= (D [JZ" =D @zg -

Independentterm: 9—-3r=0=r=3

9 6
U, = (-1)° (3} Pe % — (~1)x84x 64 = —5376
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5(c) (i)

u,=nx"=3S, =x+2x*+3x*+....+ nx"

S, =X+2Xx*+3x° +...+(n=D)x" " +nx"

n

F s +(n=1)x" +nx"*

S, — XS, =X+ X*+X*+...X" —nx

L-x)S, =[x+ x> +Xx> +...x"]-nx""
The expression in the square brackets in a _ al—r")

geometric series with a = x and r = x. Summing formula:| S, = 0 e
The sum of these terms,

- xd-x7) Editor’s note: This is an

' 1-x artithmetic geometric series.
n+1 | The syllabus states that students

Sum

x(1—x" - X(1-x") nx
= (1-x)S, = %— "' =S, = (g_ X)g) T only need to calculate these to
infinity, not to the sum of n
terms.
5 (c) (ii)

limr" =0 for ~1<r <1 Example: lim($)" =0

n—oo

S _X@-0) n@O _ x
" @A-x)? (1-x) (1-x)?




