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SEQUENCES & SERIES (Q 4 & 5, PAPER 1)

2009
4 (a) Three consecutive terms of an arithmetic series are 4x + 11, 2x + 11 and 3x + 17.
Find the value of x.
. 1 1
(b) (i) Show that —— = - , Where r = +1.
rr=1 r-1 r+1
. e 2
(i) Hence, find D, ——.
r=2 I -1
(iii) Hence, evaluate ) =
r=2 -
(c) Afinite geometric sequence has first term a and common ratio r.
The sequence has 2m + 1 terms, where m e N.
(i) Write down the last term, in terms of a, r, and m.
(if) Write down the middle term, in terms of a, r, and m.
(iii) Show that the product of all the terms of the sequence is equal to the middle
term raised to the power of the number of terms.
SoLuTION
4 (a)
(2x+11) - (4x+11) = (3x+17) - (2x+11) [Subtracting consecutive terms of an
IX+11—4x—11=3x+17-2x-11 arithmetic sequence gives the same
oY =X46 number (the common difference d)].
-3x=6
X=-2
4 (b) (i)
LHS RHS
2 Lt
r’-1 r-1 r+l
CA(r+D)-Lr-1)
(r=1(r+1)
_r+l-r+l
(r=1(r+1)
2

r’-1
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4 (b) (ii)
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4 (c) (i)

Geometric sequence
First term: a

Common ratio: r

No. of termsn=2m + 1

a,ar,ar’,......... ar™?
=a,ar,ar’, ... ,ar@m-t
=a, ar,ar’, .......... ar?"
4 (c) (ii)

Take anexample:m=4,n=2m+1=9

a, ar, ar?, ar®, ar®, ar®, ar®, ar’, ar®

D T 2 T AR

U U, U; U, Ug U U, Ug U

Middle term: ar™

General term:

=ar

n-1
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4 (c) (iii)
axarxar®xar®x...... xar’" (ar™)>m
— a2m+1r1+2-¢-3+ ..... +2M &— % — a.2m-¢-lrm(2m+l)

a2m+1rm(2m+1)

* The power of r is an arithmetic series which sums to m(2m + 1). The method for arriving at
this result is shown below.

Arithmetic sequence: 1, 2, 3, ..., 2m  Summing formula: | S, = 3[2a +(n-1)d]
a=1r=1,n=2m
S, =2 [2() +(2m-1)(D)]

=m[2+2m-1]

=m(2m+1)

5 (a) Solveforx: x—2=+/3x-2.

(b) Prove by induction that, for all positive integers n, 5 is a factor of n° —n.

(c) Solve the simultaneous equations
log, x+log,y=2
log,(2y —3)—2logy x =1.

SoLuUTION
5()

X—2=~/3x-2
(x—2)>=3x-2

X —4X+4=3x-2
X -7x+6=0
(x-1)(x-6)=0
S.Xx=1,6

Check each solution:

x=1: X=6:
x-2 | f3x-2 x-2  3(6)-2
m-2 30-2 6)-2 18-2
-1 3-2 4 J16
N1 4
1

ANS: X =6
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5 (b)

STEPS
1. Prove result is true for some starting value of ne N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

1. Prove it is true for n =1.
n=1:(1)°-(1)=1-1=0

0 is divisible by 5. Therefore, it is true for n = 1.

2. Assume it is true for n = k;
n=k:k>-k=>5a, aeN
= k°>=ba+k

3. Prove itistrue forn =k + 1: (x+y)" = [gj(x)n(y)o +[D(x)"l(y)l +(2)(x)"2(y)2 .......
(k+1)° - (k +2)

:(Sjk5 +(5jk4 +(5Jk3 +[5jk2 +(5jk+(5j—k—l

0 1 2 3 4 5

=k®> +5k* +10k® +10k* + 5k +1—k —1 [Replace k® by the result from Step 2.]
=5a+k +5k* +10k® +10k* + 5k —k

=5a+5k* +10k® +10k* +5k

=5(a+k*+2k*+2k*+k)=5m, meN

Therefore, it is true forn=k = trueforn=k+ 1.
So true forn=1and true forn=k = trueforn=k+1 = true forall ne N,.

5(c)
Change all logs to base 3:
Ioggleog_3leog_3x |Oga|\/|=|09#lvI
log, 9 2 log, &
log, x+log, y =2 log, x+log, y=2
_)
log,(2y —3)-2log, x =1 log,(2y —3)-2(%log, x) =1

log, x+1log, y=2......(1)

—log, x+1og,(2y -3)=1...(2)
log, y +log,(2y -3) =3
log, y(2y-3)=3

y(2y-3) =3
2y* -3y =27
2y?-3y—-27=0
(2y-9)(y+3)=0
y=3,-3
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Ignore the negative value of y as the log of negative values is not allowed.

Substitute this value of y into Eqn. (2):
- |0g3 X+ IogS(Z(%) -3)=1

—log, x+10g,(9-3) =1

—log, x+10g,(6) =1

Iogs(%) :13%:31

SX=2




