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DiFFeRENTIATION & FuncTions (Q 6, 7 & 8, PAPER 1)

LessoN No. 8: TuRNING PoINTS
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6 (c) Let f(x)=x>+px+10, xe R, Where peZ
(i) Find f'(x), the derivative of f ().
(i) The minimum value of f (x) is at x = 3. Find the value of p.

(iii) Find the equation of the tangent to f (x) at the point (0, 10).
SOLUTION

6 (c) (i) REMEMBER IT AS:
Coon Ay Multiply down by the power and
y=x= dx O BT o subtract one from the power.
Iy = dy
ConsTANT RuLE: Ify = Constant = i =0
X
MuLTIPLY BY A CONSTANT RULE: If y = cu, where c is a constant and u is a function of x, % = ij_u_
X X
f(x) = x>+ px+10
= f'(X)=2x+ px1+0=2x+p
6 (c) (i)
To find the turning point which you are told is a Turning Point = ¥ —o | (6 )
minimum, put f'(x) =0. o
f'(xX)=0=>2x+p=0
You are told that this minimum is at x = 3.
2+ p=0=>6+p=0=>p=-6
6 (c) (iii) C
T

STEPS TO FINDING THE EQUATION OF A TANGENT, T,

AT A POINT (X,, ¥,), ON THE CURVE, C
(i, 1)

STEPS

1. Differentiate the equation of the curve: %
X

2. Substitute x, in for x to find the slope of the tangent: [%j

3. Find the point of contact (x,, y,) by substituting x, into the equation of
the curve to find y,.
4. Find the equation of the line of the tangent using formula 4.

Equationofaline: | y—y, =m(x—x)|....... o

(x,,'y,) is a point on the line and m is the slope of the line.

CoONT....
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1.y= f(x):x2—6x+10:>%:2x—6
X

2.(ﬂj =2(0)-6=-6=m=-6
dx ), ,

3. Point of contact is (0, 10) = (x,, y,).
4. y—y, =m(X—x)
= y-10=-6(x-0)

= y-10=-6x
= 6Xx+y-10=0
2002

6 (c) Let f(x)=x*-ax+7 forall xeR and for aeR.

(i) The slope of the tangent to the curvey =f(x) atx =11is -9.
Find the value of a.

(if) Hence, find the co-ordinates of the local maximum point and the local minimum
point on the curve y = f(x).

SoLuTION
6 (c) (1)
. dy _ dy .
Find the slope of the curve o atx =1, o and put it equal to 9.
X X x=1
y=f(x)=x}—ax+7
d
Y _3x_a
dx
d
- (—y) =3(1)?—a=-9
X x=1
=3-a=-9
a=12
6 (c) (i) STEPS FOR FINDING THE LOCAL MAXIMUM AND LOCAL MINIMUM OF A FUNCTION:
STEPS
. . : coody . o dPy
1. Differentiate the function to find a0 Differentiate again to find PR
X X

2. Set % =0 and solve for x to find the turning points.
X

. . ood? S

3. Substitute the turning points into KZ to decide if they are a local
maximum or a local minimum.

4. Find the y coordinates of the turning points by substituting the x values
back into the equation of the original function.

ConT....
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1.y=f(x)=x-12x+7
ﬂ:3x2—12
dx
2
d—Z/:Gx
dx
2.d—y:0:>3x2—12:0
dx
=3(x*-4)=0
=3(x+2)(x-2)=0
SX==2,2
d’y

2 Local Maximum: (—2] <0
3 [d_zlj —6(-2) =12 dx* )
dX X==2

. d y]
2 Local Minimum: | —-| >0
(d_yJ :6(2)=12 (dxz TP
X=2

dx?
4, x=-2:y=f(-2)=(-2)°-12(-2) + 7 =—-8+24+7 = 23=> (-2, 23) is a local maximum.
x=2:y="1(2)=(2)°-12(2)+7=8-24+7=23= (2, —9) is a local minimum.

2000
8 (c) Let f(x)=x>-3x*+ax+1 forall xeR and for acR.

f (x) has a turning point (a local maximum or a local minimum) at x =—1.
(1) Find the value of a.
(i) Is this turning point a local maximum or a local minimum?
Give a reason for your answer.
(iii) Find the co-ordinates of the other turning point of f (x).

SoLuTION

8(c) (1)

To find the turning points set

. . dy
Turning Point = —==0|.......
g Point = & (6 )

d_y =0 and solve for x.
dx

d
You are told there is a turning point at x = —1. Therefore, you need to find d—;, at x=-1

and set the answer equal to zero as it is a turning point.

y=f(x)=x-3x*+ax+1

dy _ 3%
dx

(d—yj ~3(-1)?-6(-)+a=0

—6X+a

dx
=3+6+a=0

a=-9 ConT....
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8 (c) (ii)

2
Put the turning point, x =-1, into (;—2, Local Maximum: [
X

y=f(x)=x"-3x*-9x+1

:ﬂ:3x2—6x—9
dx

o

Local Minimum: [—

j >0
TP

2
=Y _6x-6
dx

dx?

2
(M] =6(—1) -6 =-12 <0 = turning point is a local maximum.
x=-1

8 (c) (ill)  STEPS FOR FINDING THE LOCAL MAXIMUM AND LOCAL MINIMUM OF A FUNCTION:

STEPS

dx

2. Set % =0 and solve for x to find the turning points.
X

. . Cd?
3. Substitute the turning points into y

maximum or a local minimum.

back into the equation of the original function.

1. Differentiate the function to find d_y Differentiate again to find

2

d’y

2

e to decide if they are a local

4. Find the y coordinates of the turning points by substituting the x values

1.y=f(x)=x"=3x*—9x+1

:ﬂ=3x2—6x—9
dx

2
:>d—xg’=6x—6

2.ﬂ=0:>3x2—6x—9=0
dx

= x*-2x-3=0
= (x=-3)(x+1) =0
x=-13

Anyway, it is the turning point at x = 3 which is of interest.
~y=1B)=3)°*-3(8)°-9(3)+1=27-27-27+1=-26
Therefore, (3, —26) is the other turning point.




(© Tony Kelly & Kieran Mills)

1998

6 (c) f(x)=(x+k)(x—2)? whereKkisa real number.
(1) Iff(3) =7, find the value of k.
(if) Using this value for k, find the coordinates of the local maximum and of the

local minimum of f (x).
SoLuTION

6 (c) (i)

f(x)=(x+k)(x-2)*
f(3)=7=(B3+k)(3-2)°=7

= (B3+k)Q)* =7

=3+k=7

k=4

6 (c) (ii)

f (X) = (x+4)(x—2)* [Multiply this out and tidy up.]
= f(X) = (X +4)(X* —4x+4)

= f(X)=x*—4x* +4x+4x* —16x+16
() =x*-12x+16

STEPS FOR FINDING THE LOCAL MAXIMUM AND LOCAL MINIMUM OF A FUNCTION:

STEPS

d’y

1. Differentiate the function to find ﬂ Differentiate again to find o
X

dx

2. Set % =0 and solve for x to find the turning points.
X

. . ood? -
3. Substitute the turning points into d—ﬁ’ to decide if they are a local
X
maximum or a local minimum.
4. Find the y coordinates of the turning points by substituting the x values
back into the equation of the original function.

CONT....
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1.y=f(x)=x*-12x+16

8y f'(x) =3x*-12

dx
d’y
— = f"(x) =6x
v (X)
2.ﬂ=0:>3x2—12=0
X

=3(x*-4)=0 [a*-b?=(atb)a-b)|.... (@)
=3(x+2)(x-2)=0

SoX==2,2
d? Local Maximum: [ 92| <o
3 (_ZJ _6(-2)=-12<0 ocal Maximum: v

> i @)
X:_Z -------

d’y Local Minimum: d_zy >0

d_2 = 6(2) =12>0 dx?

X TP

X=2

4, x==-2:y=f(-2)=(-2)°>-12(-2) +16 = -8+ 24+16 =32 = (-2, 32) is a local maximum.
x=2:y=1(2)=(2)°-12(2) +16 =8—-24+16 =0= (2, 0) is a local minimum.

1997
6 (c) Let f(x)=ax’+bx+c, forall xeR andfor a, b, ceR.
Use the information which follows to find the value of a, of b and of c:
(i) f(0)=3
(if) the slope of the tangent to the curve of f (x)atx=11is —18
(iii) the curve of f (x) has a local maximum at x = 2.

SOLUTION
6 (c) (i)
f(x)=ax’+bx+c
f(0)=3=a(0)*+b(0)+c=3
sc=3
6 (c) (ii)
dy

To find the slope of the tangent to the curve at x = 1, find (&j and put it equal to —18.

y=f(x)=ax®+bx+3 =

o 3ax*+b
X

CoONT....
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6 (c) (iii)
To find the local maximum you put g_y =0 and solve for x. You are told that you get an
X

answer of x = 2 when you do this.

gy =0=3ax’+b=0

dx

-.3a(2)°+b=0

=12a+b=0...(2)

You need to solve equations (1) and (2) to find a and b.

3a+b =-18..(1)(x-1) N -3a-b =18
12a+b=0......(2) 12a+b=0

9a =18=a=2

Substitute a = 2 into Equation (2).
212(2)+b=0=24+b=0
~b=-24

Ans: a=2,b=-24,c=3




