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DiFFeRENTIATION & FuncTions (Q 6, 7 & 8, PAPER 1)

LessoN No. 14: ReciprocaL GRAPHS

2007
8 (c) Let f(x)=—, xeR, x#—7.
X+7

(i) Giventhatf (k) =1, find k.

(i) Find f'(x), the derivative of f (x).

(iii) Show that the curve y = f (x) has no turning points.
SoLuTION

8 (c) (i)

1
f(X)=——
) X+7

1
fk)=1l>—-=1 i
(k) :>(k+7) [Multiply across by (k + 7).]
=>k+7=1
=k=-6
8 (c) (i)
n dy n-1 dU
y=(U)"=—==nu)"x— |...

f(X) =t = (x+7)" dx o |- ©

(x+7)

REMEMBER IT As:

' _ -2
= ') =-1x+7)"(1) Push the power down in front of
, 1 the bracket and subtract one from
= f'(x)=- (x+ 7)2 the power. Multiply by the differen-
tiation of the inside of the bracket.
8 (c) (iii)
f'(x)=0 Turning Point :%:0 .......
X
1 .
————=0 [Multiply across by (x+7)2.]
(X+7) To find the turning points set
= —-1=0 [This equation is nonsense and has dy
. — =0 and solve for x.
no solutions.] dx

As there are no solutions for f’(x) =0, the curve y = f (x) has no turning points.
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2006
8 (c) Let f(x):i, xeR, x=2.
X—2
(i) Find f'(x), the derivative of f (x).
(if) Find the values of x for which f'(x) =-1.
(iii) Find the co-ordinates of the two points on the curve y = f (x) at which the slope
of the tangent is 1.
SoLuTION
8(c) (i) - p
ot — Y _ na GU
f(X):%:(X—Z)_l Y—(U) = i n(U) de o
X —
1 REMEMBER IT AS:
' -2
= f'(x)=-1(x-2)" @) = _W Push the power down in front of
the bracket and subtract one from
8 (c) (ii) the power. Multiply by the differen-
tiation of the inside of the bracket.
Put f'(x) =-1 and solve for x.
f'(x)=-1=- ! >=-1 Power RuLEes
(x=2) 1 L1
5 4.a"=— Ex. X ==
=1=1(x-2) a X
= +1=(x-2)

Sl=x-2=x=3
S=l=x-2=>x=1

8 (c) (iii)

You have already found the values of x for which the slope of the tangents are —1. To find
their corresponding y values (or f (x) values) substitute these values of x into the original
equation.

x=1: f(x):é: f(1):(1)%2:_i1:_1
x=3: f(x):é: f(3):(3)%2:%_

The co-ordinates of the points are: (1, -1), (3, 1).
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8 (c) Let f(X)IL,XER,Xi—?).
X+3

(1) Find f'(x), the derivative of f(x).

(if) There are two points on the curve y = f(x) at which the slope of the tangent
is —1. Find the co-ordinates of these two points.

(iii) Show that no tangent to the curve y = f(x) has a slope of 1.

SoLuTION
8 (c) (i) o~ ”
y=(U)"=—==nu)"x— |...
f(X):L:(x+3)‘l dx dx c
X+3

REMEMBER IT AS:

/ - 1
= /() =-1x+3)*() =——— Push the power down in front of

2
( 3) the bracket and subtract one from
the power. Multiply by the differen-
tiation of the inside of the bracket.

PoweRr RuLEs

4. a‘”:in EX. x‘3:i
a X

8 (c) (ii)

GoinG BACKwARDs: Given the slope of the tangent C
to the curve, you can work out the point(s) of T
contact of the tangent with the curve. m
(xi, 1)
STEPS
1. Differentiate the equation of the curve: g_y
X
dy : .
2. Put ™ equal to the slope, m, and solve the resulting equation for x to get
the x coordinates of the points.
3. Substitute these values of x back into the equation of the curve to get the
y coordinates of the points.
d 1
1= -_ .
dx (x+3)
1 2
2. -———=-1=1=(x+3)
(x+3)
= X+3=%1
L X=-2,-4
1 1 . . .
3. x=-2:y=1(-2)= =-=1= (-2, 1) is a points of contact with the tangent.
(-2)+3 1
1 1 . . .
x=—4:y="1(-4)= (D3 === —1= (-4, -1) is a points of contact with the tangent.
— + —

CONT....
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8 (c) (iii)

Put g—y =1 and show that there exists no solutions for x.
X

dy_, 1

1= — =1
dx (x+3)
— —1=(x+3)?

—J-1=(x+3)

/=1 has no real solutions. Therefore, no tangent to the curve has a slope of 1.

2002

8 Let f(x)=—.
X+ 2
(i) Find f(-6), f(=3), f(-1), f(0) and f (2).

(i) For what real value of x is f (x) not defined?
(iii) Draw the graph of f(x)= LZ for -6<x<2.
X+

(iv) Find f'(x), the derivative of f (x).
(v) Find the two values of x at which the slope of the tangent to the graph is —%.
(vi) Show that there is no tangent to the graph of f that is parallel to the x-axis.

SOLUTION
DRAWING RECIPROCAL GRAPHS

STEPS

1. Find the gap first by putting the bottom of the function equal to
zero and solving for x.

2. Find other values of f (x) by putting in values of x as given in the
domain.

3. Plot these points by joining up smoothly and continuing towards
the vertical line but never touching it.

CoONT....
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8 (i)
1
f(x)=——
) X+2
f(e6)=—t —_1_ 025
—6+2
1 1
f(H=——=—=-=-1
=3) -3+2 1
1 1
f(-)=——===
D -1+2 1
FO)=——=1_05
0+2 2
f(z)zizlzo,%
2+2 4
8 (i)

Put the bottom equal to zero. This will give the equation of the gap or the asymptote in
the graph. It is also the value of x for which f (x) is not defined.

X+2=0=>x=-2

8 (iii)

Use the values from part (i) and the asymptote equation in part (ii) to draw the graph.
Points: (-6, 0.25), (-3, -1), (-1, 1), (0, 0.5), (2, 0.25)

\ /()

\ 1.5

v

6| 5| 4] -3 -2 1 1| 2] x

8 (iv)

1 1
f(X):m:(X-FZ)

1

= f'(xX)=-1x+2)"@1) = _W

CoONT....




(© Tony Kelly & Kieran Mills)

8 (v)
STEPS
1. Differentiate the equation of the curve: j_y
X
dy : :
2. Put I equal to the slope, m, and solve the resulting equation for x to get
the x coordinates of the points.
3. Substitute these values of x back into the equation of the curve to get the
y coordinates of the points.
d 1
LX) =
dx (x+2)
2 L2 = 9=(x+2)* [Multiply across by 9(x + 2)]
12?9 Y 4 |
= 1+3=X+2
Sx=-51

Step 3 is not required as you need to find the x values only.

8 (vi)
Any line parallel to the x-axis has a slope of zero.

d . .
Put £ equal to zero and show it has no solutions.

dx
d—y—O:— L =0 [Multiply across by (x + 2)2]
dx (x+2)° - / '
=-1=0

This equation is nonsense. Therefore, there are no tangents to the graph that are parallel to
the x-axis.

2001
8 (c) Let f(x):i for xe R and x>-1.
X+1
(i) Find f'(x).

(if) Find the co-ordinates of the point on the curve of f(x) at which the tangent has
slope of —7.

(iii) Find the equation of the tangent to the curve which has slope of —+.

SOLUTION
8 (c) (i)
1 1
f (X) :m: (X+1)

1

= f'(X)=-1x+) @)= —W COoNT....
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8 (c) (i)

Finding the coordinates of the point of contact of the tangent given the slope:

STEPS

1. Differentiate the equation of the curve: %
X

d
2. Put d_i equal to the slope, m, and solve the resulting equation for x to get

the x coordinates of the points.
3. Substitute these values of x back into the equation of the curve to get the
y coordinates of the points.

1
lL.y=f(x)=
y=1 (x+1)
dy 1
—Z = f'(x _
dx ) (X +1)?
dy 1 1
2_ _—= —_ > =R
dx (x+1) 4
= (x+1)*=4
= (x+1) =2
~.Xx=1 -3 [As x> -1 ignore one of the solutions.]
sox=1

1 . .
3. x=1ly= f(l)zmz%:(l, 1) is the point of contact.

8 (c) (i)

Equation of aline: [ y—y, =m(X—Xx,)

(x,,'y,) is a point on the line and m is the slope of the line.

Point (1, 3), m=—-%
y—z=—4(x-1)
=4(y-3)=-1x-1)
=>4y-2=-1x+1
= X+4y-3=0
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1998

8 Let f(x):il, for xeR and x=#1.
X_
(i) Find the value of f(-2), f(0), f(2) and f (5).
(if) Find f'(x), the derivative of f (x).
(iit) Draw the graph of f(x) for -2 < x <5.
(iv) Find the equation of the tangent T to the curve at the point (0, —1).

(v) Find the coordinates of the other point on the graph of f (x) at which the tangent
to the curve is parallel to T.

SOLUTION
8 (i)
1
0=
f(-2)= L :i:—1=—0.33
(-2)-1 -3 3
1 1
f(0)2©—_]-:z:—1
1 1
f(3)= ===2
O
1 1
f(5):mzz=025
8 (i)
F(X) = —— = (x—1)*
(x-1)
’ _ _ 72:_ 1
= f'(x)=-1(x-1) x_1)
8 (iii) DRAWING RECIPROCAL GRAPHS

STEPS

1. Find the gap first by putting the bottom of the function equal to
zero and solving for x.

2. Find other values of f (x) by putting in values of x as given in the
domain.

3. Plot these points by joining up smoothly and continuing towards
the vertical line but never touching it.

1. Put (x-1)=0=>x=1

2. Use the values that you worked out in part (i).
Points: (-2, -%), (0, -1), 3, 2), (5 %

3. Plot the graph. Draw the gap (x = 1) first.

CoNT....
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fo71

A 4

8 (iv)

STEPS TO FINDING THE EQUATION OF A TANGENT, T, T

AT A POINT (X,, ¥,), ON THE CURVE, C

(i, y1)

STEPS

1. Differentiate the equation of the curve: %
X

2. Substitute x, in for x to find the slope of the tangent: (d_y)

3. Find the point of contact (x,, y,) by substituting x, into the equation of
the curve to find y,.

4. Find the equation of the line of the tangent using formula 4.

Equationof aline: [y—y, =m(x—x)|....... o

(x,, y,) is a point on the line and m is the slope of the line.

dy 1
1Y )=
dx o (x—1)?

().
dx ), (0-1° (-*

3. The point of contact is given as (0, —1).

4. Equation of the tangent T: Point (0, —1), m=1
T:(y-(-1)=-1x-0)
=>T:y+l=-X
S Tix+y+1=0

CoNT....
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8 (V)
Going BackwaRrDs: Given the slope of the tangent C
to the curve, you can work out the point(s) of T
contact of the tangent with the curve. m
(v 1)
STEPS
dy

1. Differentiate the equation of the curve: .
X

d
2. Put d_i equal to the slope, m, and solve the resulting equation for x to get

the x coordinates of the points.
3. Substitute these values of x back into the equation of the curve to get the

y coordinates of the points.

A parallel tangent has the same slopeas T. .. m =-1.

dy 1
Tdx (x=1)°
2.d—y=— =5 L ;==
dx (x-1)
=1=(x-1)°
= +l=x-1
~. X =0, 2 [Ignore the first solution as that was used in part (iv).]
1 1 1
3.y=1(2)=—=——-===1= (2, 1) is the other point.
y=t@=—"=57=1=1=@0 p




