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DiFFeRENTIATION & FuncTions (Q 6, 7 & 8, PAPER 1)

Lesson No. 13: Cusic GRAPHS

2004
6 (b) Let f(x)=x"-3x*+1, xeR.
(i) Find f(-1) andf (3).

(i) Find f'(x), the derivative of f (x).

(iii) Find the co-ordinates of the local maximum point and of the local minimum
point of the curve y =f (x).

(iv) Draw the graph of the function f in the domain —1< x < 3.

Use your graph to:
(v) estimate the range of values of x for which f (x) <0 and x>0

(vi) estimate the range of values of x for which f'(x) < 0.
SOLUTION

6 (b) (i)

f(x)=x>-3x"+1

A f(CD) = (-1)° —3(-1)? +1=-1-3(L)+1=-1-3+1=-3
© f@)=(3)° —3()2 +1=27-3(9) +1=27-27+1=1

6 (b) (ii) REMEMBER IT AS:
o Oy Multiply down by the power and
y=x= dx O TS o subtract one from the power.

ConsTANT RuLE: Ify = Constant = % =0
X

. . . d du
MuLTIPLY BY A CONSTANT RULE: Ify = cu, where c is a constant and u is a function of x, d—y = c><d—.
X X

f(x)=x*-3x*+1
= f'(x) =3x* —3x2x+0=23x* —6x

CONT....
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6 (b) (iii)

STEPS FOR FINDING THE LOCAL MAXIMUM AND LOCAL MINIMUM OF A FUNCTION:

STEPS

2
1. Differentiate the function to find j—y Differentiate again to find 2—3
X X

2. Set % =0 and solve for x to find the turning points.
X

. . o d? L

3. Substitute the turning points into WX to decide if they are a local
maximum or a local minimum.

4. Find the y coordinates of the turning points by substituting the x values
back into the equation of the original function.

1L.y=f(x)=x"-3x*+1

@ _ f'(x) =3x* - 6x
dx

d?y
—=f"(x)=6x-6
dx’ ()

2.ﬂ2033X2—6X:0

dx
= 3x(x-2)=0
5.x=0,2
. _ dzyj
2 Local Maximum: | —-| <0
3[d—2'j —6(0)-6=—-6<0 e (dxz .
dX x=0 e o

Local Minimum: (d_z/] >0
dX TP
dx?
4. y=f(0)=(0)*-3(0)>+1=1= (0, 1) is a local maximum.
y=f(2)=(2)°-3(2)* +1=8-12+1=-3= (2, —3) is a local minimum.

2
(Mj —6(2)-6=12-6=6>0
X=2

6 (b) (iv)
You have enough points already to draw the cubic function.

You have from part (i) the starting and finishing points: (-1, —3), (3, 1)
From part (iii) you have the turning points: Local maximum (0, 1), Local minimum (2, —3)

NG

-1/ 1 2/3'
-1

F N

CONT....
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6 (b) (v
(b) (v) 5w

f (x) > 0: Above the x-axis; f (x) < 0: Below the x-axis "1
What values of x is the graph below the x-axis — Nl AR 5
(f (x) <0) and to the right of the y-axis (x > 0)? / 1
You can see from the graph that the values a and b f \ /‘
satisfy this condition. -2
207 <x<27 3

d

6 (b) (vi) v

f'(x) < 0: Curve is decreasing; f'(x) > 0: Curve is increasing.

You are being asked for what values of x is the curve decreasing. You can see from the graph
it decreases as you go from left to right from c to d, i.e. values of x from 0 to 2.

L0<x<?2

2001
6 (b) Let f(x)=2-9x+6x*—x*for xeR.
(i) Find f(-1), f(2) and f(5).
(i) Find f'(x), the derivative of f(x).
(iii) Find the co-ordinates of the local maximum and the local minimum of f(x).

(iv) Draw the graph of f(x) in the domain —1< x <5.
(v) Use your graph to find the range of real values of k for which f(x) = k has more

than one solution.
SOLUTION

6 (b) (i)

f(X)=2-9x+6x*—x°

— (1) = 2= 9(=1) + 6(~1)2 — (=1)* = 2+ 9+ 6(1) — (1)
=2+9+6+1=18

= £(2)=2-9(2)+6(2)2—(2)° =218+ 6(4) — (8)
~2-18+24-8=0

— £(5)=2-9(5)+6(5)2 - (5)° = 2— 45 + 6(25) — (125)
=2-45+150-125=-13

6 (b) (”) d REMEMBER IT AsS:
y:x":—y:nx”’1 ,,,,,,, .
dx Multiply down by the power and

subtract one from the power.

ConsTanT RuLE: If y = Constant = % =0
X
MuLTIPLY BY A CONSTANT RULE: If y = cu, where c is a constant and u is a function of x, % =Cx 3—”
X X

f(X)=2-9x+6x*—x°
= f'(X) =0-9+6x2x—3x* =-9+12x 3%
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6 (b) (iii) STEPS FOR FINDING THE LOCAL MAXIMUM AND LOCAL MINIMUM OF A FUNCTION:

STEPS

. . . _dy : e dly
1. Differentiate the function to find W Differentiate again to find —-.
X X

2. Set % =0 and solve for x to find the turning points.
X

. . o d? _
3. Substitute the turning points into dle to decide if they are a local

maximum or a local minimum.
4. Find the y coordinates of the turning points by substituting the x values
back into the equation of the original function.

1.y=f(x)=2-9x+6x*-x°
a _ f'(x) =-9+12x—-3x*

dx

dZ

—=f"(x)=12-6x

™ (X)
2.ﬂ=0:—9+12x—3x2=0

dx

= x*-4x+3=0
= (x-1)(x—3)=0

Sox=13
d? Local Maximum: (ﬂ] <0
3(—2’] —12-6(1)=12-6=6 e ),
o). @

dZ
Local Minimum: [—ZJ >0
dX TP

dx?
4, x=1:y=1(1)=2-91)+6(1)*-(1)*=2-9+6-1=-2= (1, —2) is a local minimum.
x=3:y=f(3)=2-9(3)+6(3)2—(3)° = 2—27+54-27 = 2= (3, 2) is a local maximum.

2
{Mj —12-6(3) =12-18=6
Xx=3

6 (b) (iv) -
You have sufficient information from parts (i) {;(x)
and (iii) to draw the cubic graph. G
Points: (-1, 18), (2, 0), (5, —13) \ -
Local maximum: (3, 2); Local minimum: (1, —2) \\ 10
8
6 (b) (v) 6
The line f (x) = k is a horizontal line. You can X
see from the graph that all lines drawn . 2\ R
between 2 and —2 will cut the graph in more ! 2 \LA2 B AR P
than one place. :2 \
s —2<k<2 3 \
10 \
-12 \
v-14 *
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8 (b) Let f(x)=x*-3x% for xeR.
(1) Find f'(x), the derivative of f (x). Hence, calculate the coordinates of the local

maximum and the local minimum of f (x).
(it) Draw the graph of

f(x)=x*-3x*
for —-1<x<3.
SoLuTIoN
8 (b) (i)
STEPS FOR FINDING THE LOCAL MAXIMUM AND LOCAL MINIMUM OF A FUNCTION:
STEPS
1. Differentiate the function to find % Differentiate again to find 3%

2. Set % =0 and solve for x to find the turning points.
X

. . d? _
3. Substitute the turning points into dle to decide if they are a local

maximum or a local minimum.
4. Find the y coordinates of the turning points by substituting the x values
back into the equation of the original function.

1.y=f(x)=x*-3x°
W f'(x) = 3x* - 6X
dx

d?y
—=f"(x)=6x-6
= (x)

2.ﬂ:0:>3x2—6x:0
dx

=3x(x-2)=0
SoXx=0, 2

2
Local Maximum: [%j <0

TP
2 o

[%j :6(2)—6:12—6:6>0 Local Minimum: [%jw >0
X=2

4. x=0:y=f(0)=(0)°-3(0)>’=0-0=0= (0, 0) is a local maximum.
x=2:y=1(2)=(2)°-3(2)° =8-12=-4= (2, —4) is a local minimum.

2
3(0'—2') ~6(0)-6=0-6=-6<0
dx* )

CoONT....
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8 (b) (ii)

x=-1: f(-1) = (-1)*-3(-1)* =-1-3x1=-1-3=-4= (-1, — 4) isa point.
x=0:f(0)=(0)*-3(0)>=0-3x0=0-0=0= (0, 0) is a point.
x=1:f(1)=(1)°*-31)%=1-3x1=1-3=-2= (1, —2) is a point.
x=2:1(2)=(2)°-3(2)* =8-3x4=8-12=-4= (2, —4) is a point.
x=3:1(3)=(3)°-3(3)* =27-3x9=27-27=0= (3, 0) is a point.

1170
< Xy
M 1 2 3
/ol
/2 /
| /
-4
8 (b) (iii)
F()+2=0=> f(X) =2 o7 @ s
Go to —2 on the f (x) axis. Draw a line o -1 \ 1 B
straight across until it meets the graph. Read -
off the x values. 2
s x=-07,127 3
-4
8 (b) (iv)

f'(x) < 0: Curve is decreasing; f'(x) >0: Curve is increasing.

You can see the graph is decreasing from values of x from 0 to 2.
L' (X)<0=0<x<2




